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Abstract: The stability of Saturn-ring and dipole defects in nematic liquid crystals is studied.
Two structures are possible around microspheres suspended in nematic liquid crystals: a Saturn-ring

and a dipole, which are investigated by calculating their Frank free energy. As a result, if &, <<

k(l—%ln &> , the Saturn-ring is the preferred configuration which does not depend on the

e

particle size, where R, is the length of liquid crystal molecule, & and k,, are the elastic con-

stants, and r. is the radius of the disclination line core. If k,, >F (lféln&> , for small

rc
particles the Saturn-ring defect is more stable, and contrarily for large particles the dipole de-
fect is more stable. The results demonstrate that a transition from the Saturn-ring defect to
the dipole defect is induced either by increasing the particle size, the saddle-splay elastic con-
stant ky or by decreasing k.
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1 Introduction

L can be found and are

Colloidal dispersions
extensively used in our daily life such as foods,
paints, and drugs, they are of considerable tech-
nological importance. Colloidal systems with a
liquid crystal as a host fluid are of special interest.
In the bulk, insertion of a spherical particle into
a nematic solvent with strong homeotropic
anchoring at its surface yields two possible director
configurations: In the dipole configuration the
particle is accompanied by a topological point de-
fect!", whereas in the Saturn-ring configura-
tion the particle is surrounded by a 1/2 disclina-
tion ring at the equator. In the experiments of
Poulin and co-works™"*, the dipole configura-
tion is always observed. The Saturn-ring defects
around solid microspheres is observed by Yue-
dong Gu et al'. Of course, the disclination ring
can be moved upward or downward, and by
shrinking it to the topologically equivalent hy-
perbolic point defect, the Saturn-ring is conti-
nuously transformed into the dipole configura-
tion. The defect state can be modified by exter-
nal electric or magnetic fields. Since the way a
droplet scatters light depends on its director con-
figuration, different topological states will scat-
ter light differently. It is thus possible to control
the amount of light scattering from an array of
droplets with modest electric field. This is the
basis for a display technology. In this paper, we
will discuss the relation between two director
configurations and the radii of the spherical par-
ticles by calculating the free energy of the de-
fects.

This paper is organized as follows. In Sec. 2,
the Frank free energy density of nematic liquid
crystals is introduced. The free energy of Saturn-

ring defects is calculated in Sec. 3. In Sec. 4, we

give our numerical results. The conclusions of

this paper are given in Sec. 5.

2 Frank Free Energy

In the continuum theory of nematic liquid
crystals, the free energy density F can be
expanded in a power series of the director field
n. The result is the total Frank free energy den-
sityt®,

1

F:?{kl(v )’ Fklne (V Xn)] +

bln X (V Xn>]2}+%k24v .

[((ne VI)n—n(V «n)] (D
where k,, k,, k; and k,, are, respectively, the
splay, twist, bend and saddle-splay elastic con-
stants. For simplicity and without loss of gene-
rality, suppose the director field lies in the planes
which are locally vertical to the disclination lines at
their intersection points. In this case, the director
field can be viewed as a 2-dimensional vector field
and can be expressed as n* =n* (z',2*) (¢=1,2),
where x=(a',2?) is the local coordinate system on
a fixed plane. (The parallel component »* of the di-
rector field along the disclination lines has no
contribution to the winding numbers, i. e. , the
disclination strengths. So it will not affect the
free energy density of disclination lines and we
can set n° =constant or 0. ) To keep our calcula-
tions as simple as possible, we will use the one-
constant limit(k, =k, =k, =F) of the Frank free

energy density-**"

F=F,+F, (2)
where
Fd - %k?),nﬂa,ﬂ“, i’a - 192 (3)
F, =1 e y2,nd 0
m ?(k*ku )S'Ealg(,‘n jnt s
iajle,‘B: 1,2 4)

F,is the distorted energy density of director field
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around the disclination lines. F,, is the free energy
density of the disclination lines themselves™!.

It has been calculated that the distorted
energy and the free energy of the disclination

lines themselves per unit length of disclination

line are given by,
" d
JFddV = J i/em2 %andr = kmnzln<i>
¢ 2 r’ re

(5

N
JFde = (k*ku)ﬁz,@zm -
=1
(b —ky)mm = (k—ky)my (6)

where m is the disclination strength, . is the
radius of the disclination line core which is of or-
der 10 nm™, d is the least distance of disclina-

tion line to other defectst'!

» x is the Euler cha-

racteristic of liquid crystals.

3 Free Energy of Saturn-ring Defects

Now, let us discuss the free energy of Saturn-
ring defects which disclination strength m is
—1/2(Fig. 1). Imagine a sphere of radius R,
that encloses a Saturn-ring defect and a spherical
particle whose radius is a (Fig. 2). Outside of
the sphere, the configuration can be seen as a
point defect. Accordingly, if there are no defects
in the sphere, the free energy of which is expec-
ted to be about"*

F, = 8n(k —Fky) (R, — @) 7
similarly, the free energy that comes from the
spherical region, which radius is from a to (a—+
2R,), is expressed by:

F, = 16nR, (k — ky,) €))

Inside the sphere of radius R, where there

"

Fig. 1 Saturn-ring configuration with a disclination ring

encircling the particle at its equator

Fig. 2 Coordinates (a,@) for a disclination ring with a

general position around the spherical particle,

are no defects, the free energy of a toroidal re-
gion of cross section nR? has the form:
F,

FZ = 4
?[(a—l—ZRl)3 —a*]

27°R: (a + R, ) sind

(9
According to Egs. (5) and (6), the free energy

of a Saturn-ring is
F, — 2x(a+R, )sin&UFddVJrJFdeJ -

R,

c

2n(a + R, )sinﬁ[krrmzln< >+ (b — ke, >nm]

QL))
So the total free energy in the sphere of radius
R, takes the form:
F=F,—F,+F; = 8n(k—ky) (R, —a)+

%nz(aJrRl)sinﬁf(a) an
where
fla) = /zln(Rl )20k~ k)
rC

(a+2R))* —a’

(12)

4  Results and Discussions

In this section we present the results of our
numerical calculation. There are two important
cases of Eq. (12):

R,

1R
k24 < (1 2 11’1 -

From Egs. (11) and (12) we see that, with the

Case 1 For /eln( )< 2(k — ky ), that is

)k fla) <0 (13)
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increasing of 0, the total free energy F is re-
duced. This means the Saturn-ring defect, in ZSOF_T
this case, is more stable and the director confi- 200F o
guration does not depend on the particle size. g 150 E dipole
Case 2 For £ln ()= 20 — £,). that i AT
ase or n( . ) 20/ s at1s : saturn—ring
1 R 50F ::Z
by > (1—?ln—'>k. If f(a) <0, from 0 ; .
c C L Rkl 1 1
0.4 0.5 0.6 0.7 0.8
Eq(12), we have kol k

8(1—1y) 1

— 1
2y+mB_p 3 koAb

a <<

where y:%. Similarly, from Eqs. (11), (12)

and (14), we can see that the Saturn-ring defect
is more stable. If a is larger than the right term
of Eq. (14), we would obtain f(a) >0, then
the total free energy F is decreased with the de-
creasing of 4. This means the Saturn-ring defect
is unstable and could evolve to a more stable
state of the dipole configuration.

In the nematic liquid crystals, the length of
bar-like molecules R, should be of order 30

", r.is about 10 nm. In Fig. 3., we plot the

nm"
radius of the spherical particle a as a function of
the ratio of k,, to k. Fig. 4 presents the radius of
the spherical particle a as a function of the ratio
of k,, to k and the length of molecules R,. It can
be seen that the Saturn-ring configuration is
more stable below the curve in Fig. 3(the curved
surface is in Fig. 4) and the dipole configuration
is more stable above the curve (curved surface).
From these figures we can see that the stability
of the defects around the spherical particle is
effected by the radius of the spherical particle a
and the elastic constants. For small particles the
Saturn-ring is the relatively stable configuration.
For large particles, the dipole is the preferred
configuration. If k,, = 0. 451% and the radius of
the spherical particle is smaller than 251 nm, the
Saturn-ring configuration is more stable than di-
pole configuration. Meanwhile, we see that,

with the increasing of k,, or the decreasing of %,

the dipole configuration is more stable.

Fig. 3 Radius of the spherical particle as a function of

ks [k

Fig. 4 Radius of the spherical particle as a function of

ks /k and R,

5 Conclusion

In summary, we have studied the stability of
Saturn-ring and dipole defects around microspheres
suspended in nematic liquid crystals by calculating
their Frank free energy. According to our calcula-
tions, the saddle-splay elastic constants and the ra-
dius of the particle play important roles for the sta-

bility of the defects. For different k,,, the stable
configurations are different. If k,, < (1*%1n I’% ) k,
the Saturn-ring is the preferred configuration. If
ko> (1—%1n &>k and a satisfy Eq. (14). the

c

Saturn-ring configuration is stable too. If k,, >

(1*%ln R, )k and a is larger than the right term
rC

of Eq. (14), the dipole configuration is stable. One

can conclude that a transition from the Saturn-ring

defect to the dipole defect can be achieved either

by increasing a, k, or by decreasing k.
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